The restriction of N to K is just the absolute value of the field norm K-~Q. Writing R* for the group of units of R, we define (1.2) M=sup {ml there exist to~, ~)2 ..... tomER such that ~i-toj~R* for all i, j, 1 <i<j<m}.
In Section 2 we shall see that M is finite. We recall some notions from packing theory, referring to Rogers's book [32] for precise definitions. Let U=R" be a bounded Lebesgue measurable set with positive Lebesgue measure/~(U). If (al)i~ 1 is a sequence of points in R" which is sufficiently regularly distributed throughout the space, then with the system ~// =(U +a~)~ 1 of translates of U we can associate a density, denoted by p(U). It may be described as the limiting ratio of the sum of the measures of those sets of the system ~ which intersect a large cube, to the measure of the cube, as it becomes infinitely large. 
t~(U)/IAI~->6(U).
Consider the system Let S be a regular n-simplex in R', with edge length 2. Denoting by T the subset consisting of all points in S with distance < 1 from some vertex of S, we define (1.10) a,=l~(r)/t~(S ).
=([~-~)/(~oi-(o~). Then c belongs to R, and
(1.11) Corollary. Let K be an algebraic number field of degree n and discriminant A over Q, and suppose that
Here M and (7 n are defined by (1.2) and (1.10), respectively. Then K is Euclidean.
Proof. We apply (1.4) with
u-E IxiV< 88 .
-'
Our identification of Rrx C s with R" makes U into an n-dimensional sphere of radius 89 l/n:
U={(Yj)j= I ~Rn j~l.},'2 < l n} 9
Property (1.5) is again a simple consequence of the arithmetic-geometric mean inequality. 
is empty. The k-[old packing constant 6k(U) of U is defined by (~k(U) = sup p(~#), the supremum being over all the k-fold packings ~h' of U for which p(g') is defined. Further let
Clearly, ,51(U)=(5(U ) and 6*(U)=6*(U).
Returning to the algebraic number field K we define ( 
w 2. Estimates for M
The notations of Section 1 are preserved. We define L to be the smallest norm of a proper ideal of R :
Clearly, L is a prime power.
Proof The sequence 0, I shows M>2, and consideration of the ideal I=2R leads to L<2". To prove M<L, let ~oi, eJ 2 ..... a),, be any sequence of elements of R as in (1.2), and let I=R be any ideal different from R. Then I does not contain any of the units ~ 1 < i< j < m so the elements a) l, ..., a)m are pairwise incongruent modulo I. Therefore m < #e (R/I), which implies that M < L. This proves (2.2).
We use (2.2) to show that no infinite sequence of Euclidean fields can be expected to result from (1.8) or (1.11). For bounded n this is a consequence of Hermite's theorem [16, Ch. V, Theorem 5], so by the remark following (1.14) we need only consider fields satisfying (1.12). For these fields, (1.12) and (2.2) imply 7I" n . n n Thus, assuming GRH, we conclude that n is bounded and that (1.12) holds for only finitely many number fields K, up to isomorphism. Without any unproven hypothesis, Odlyzko [30] has shown that
While this result does not allow us to draw the same conclusion unconditionally, it does handle the totally real case (r=n, s=0). More precisely, it follows that for every c>0 we have r/n<l-),+e for almost all K satisfying (1.12); here 1-~' =0.42278 .... It remains undecided whether there exists a better upper bound for M, in terms of n alone, than the bound 2" implied by (2.2). In (3.1) and (3.3) we shall encounter fields Kof arbitrarily large degree for which M > n.
From (2.2) it follows that (1.6) can only be satisfied if .4)). It is curious to notice that (2.3) already implies that K has class number one, since by a classical argument every ideal class contains an integral ideal of norm at most cS*(U). IAI a. Using a multiple packing argument one can establish the following lower bound for M:
Its practical value is limited.
We show that for a given number field the constant M can be effectively determined. Replacing a sequence (coi)'i"=l as in (1.2) by ((c')i-eJi)/(o92-~,)l))~"= l, we see that it suffices to consider only sequences for which ~ =0 and co2= 1. Then for 3 <j < m both ~_i and 1 -~oj are units. In the terminology of Nagell [26] this means that oJ 3, ...,~o,, are exceptional units. Let E be the set of exceptional units:
E={r,~R*II-c~R*}.
Both Chowla [4] and Nagell [24~ proved that E is finite. In fact, the set E can be effectively determined by Baker's methods [12, Lemme 4] , and it is clear that a search among the subsets of E suffices to determine M.
The hard step in this procedure is the determination of E by Baker's methods. It has not yet been carried out for a single algebraic number field. For a few fields classical diophantine techniques have been applied to determine E, cf. [25, 26, 36] , (3.3), (3.9 ll). A substantial portion of E can often be detected by starting from a few exceptional units and applying the following rules: c, q, cq-leE~(1-e)/(1-q)cE; c~E ~ ac~E for every automorphism a of K.
Most of the examples given in Section 3 rely on the following proposition. 
respectively. That, in each case, the sequence satisfies the requirement in the definition of M is a consequence of Lemma (2.5), applied to g = X, X -1, X + 1, X2--X+I, X2-X-1, X2+X+I, X2+l and X2+X--1. Proof Suppose that g(x) is a unit. Then g(x) 1 is integral over Z, which easily implies
Thus, there exists a polynomial h I e Z IX] such that h l(x ) 9 g(x)= 1, i.e.
hl.g+h2.f=l
for some hzGZ [X ] . Substituting y for X we find hz(y).f(y)= 1, SO f(y) is a unit.
This proves the if-part, and the converse follows by symmetry. This finishes the proof of (2.4) and (2.5).
A second fruitful method to estimate M is given by the following trivial result. As before, it follows that (1.18) cannot be expected to yield infinitely many Euclidean fields. I do not know whether the numbers M k, for k>2, can be effectively determined for a given algebraic number field.
w 3. Examples
This section contains 132 new examples of Euclidean fields; 128 of these are given in tabular form, and the other four can be found in (3.3), (3.5), (3.11) and (3.17).
Cyclotomic Fields. We denote by ~,, a primitive m-th root of unity. . Applying (1.11) we find the known Euclidean fields Q((12) (for which in fact M>2 suffices) and Q(r cf. [20] . where Pi =r 3 -1-~' 13"~-i Thus we obtain the new Euclidean field Q(c~ 13 + r It has n=6, r=6, s=0 and A = 13 s =371,293.
The precise value of M remains open. Clearly M = L for p = 3, and in (3.9) we shall see that the same holds for p = 5. In the case p = 7 all exceptional units have been determined by Nagell [26] , and his results imply that M=L=7; in fact,
writing Ill =r 7 q-~7 i we have M > 7 because of the sequence (3.4) 0, 1, t/l, l+ql , l+ql+t/2 , 2+r/2, 2+~11+q2.
In the same way one proves that also for p = 11 one has M > 7. (3.5) The field K=Q(~7+~ 1,~5+~; 1) has n=r=6, s=0, A=53.74=300,125 and L=29. It is known to be the totally real sextic field with the smallest discriminant [29] . The right hand side of (1.9) is about 8.454, so by (1. 8 I do not know whether M 1 >9; a near miss is provided by (3.7) 1+0 which differs from each of the numbers (3.6) except r/1 by a unit. Replace the non-zero elements in (3.6), (3.7) by their inverses, and apply the field automorphism sending r/1 to itself and 0 to-0 1. Then we obtain another sequence showing M 1 >= 8 : and since 1 +0 is replaced by itself we conclude that it differs by a unit from each of (3.8) except r/~ -1. We claim that the sequence (col)/~]l obtained by juxtaposition of (3.6), (3.7) and (3.8) shows M 2 > 17. To prove this, let COb, CO> COi be three members from this sequence; we must show that at least one of cob-co~, cob-co~, co~-co~ is a unit. If two of cob, co~, coj both belong to (3.6) or both belong to (3.8) this is clear. So we may assume that mh is among (3.6), that %= 1 +0, and that co,i is among (3.8). Then coh-co~ is a unit except if cob=r/l, and similarly % -cos is a unit except if cos = q { 1. Finally, if COh = ~/1 and co s = q ~-1 then cob --coS is a unit. We conclude that M 2 > 17 and that K is Euclidean.
Fields of Small Unit Rank. All exceptional units in the fields with r + s < 2 have been determined by Nagell, see [25] for references. The resulting information about M is collected in (3.9), (3.10) and (3, 11) . Tables. In Tables 2-9 one finds 128 new Euclidean fields obtained by means of (1.8) and (1.11). In the head of each table one finds n, r and Table 10 . If this subfield generator is 0, then K has only trivial subfields and K0=Q. We also take Ko= Q if n is a prime number. In the first column one finds the absolute value of the discriminant of K and its prime factorization. of x over K0; here m is the degree of K over K 0. In the column headed "M>" one finds the lower bound for M required by (1.8) or (1.11) to prove that K is Euclidean. The final column mentions which of our results apply to prove this lower bound.
The fields in the tables have been found in three ways. First, the methods of Section 2 were applied to the quartic fields listed by Godwin E6-8], the quintic fields given by Cohn [5, cf. 2] and Matzat [23] , and the totally real and totally complex sextic fields listed by Biedermann and Richter [1] . Not all fields could be decided; for example, the field K =Q(x), x 5 +x 3 -x 2 -x +1=0, with n = 5, r =1, s=2, A =4897=59.83, has M>4 by (2.4)(b), but the right hand side of (1.12) is about 4.001. The field has L=5, and it remains undecided whether M =4 or M=5.
Secondly, many examples were found by considering extension fields of a given field K 0, and applying (2.6).
Our third approach consisted in constructing polynomials f satisfying one of the conditions (a)-(f) of (2.4), and computing their discriminants on an electronic computer. Two programs were used, one written by P. van Emde Boas and one by A.K. Lenstra and R.H. Mak. Every irreducible f whose discriminant was found to be sufficiently small gave rise to a Euclidean field, by (2.4) and (1.8), (1.11). All fields in Table 8 (degree 7) were discovered in this way. It occurred often that two polynomials had the same discriminant. These discriminants are listed only once. We did not test the corresponding fields for isomorphism.
Special Fields. A few fields deserve special mention or require special treatment.
(3.12) The fields Q(3) and Q(c), defined by Table 10 and also occurring in Table 2 occurring in Table 5 are the Hilbert class fields of Q(l/r--23) and Q(1/-31), respectively. There are two other fields in Table 5 which are normal over Q" the •,, m-th cyclotomic equation (notice that fl and x are conjugate over Q), and it contains the field with A = -507 occurring in Table 2 . The field has M>7 because of the sequence 0, 1, fl, f12, -~3, -c~3fl 1, _c~3x" (3.15) The field with A = 1,890,625 occurring in Table 9 as can be verified by the method of (3.5). It follows that K is Euclidean. At the time of writing this (September 1976) I know 311 non-isomorphic Euclidean number fields. Table 11 shows how they are distributed with respect to n and r+s. We indicate the sources; the references are to the most informative rather than to the original publications. n<2: see [13, Ch. 14] . n=3, r+s=2: see [11, 35] . n=3, r+s=3: see [9, 33, 34] . n=4, r+s=2: thirty fields appear in [15] ; for the other two, with A =125 and A =229, see (3.10) . H = 4, r + s = 3 : see Section 3, Table 2 . n=4, r+s=4: see [10] . n = 5, r + s = 3 : see Section 3, Table 3 . n=5, r+s=4: see Section 3, Table 4 , and (3.17). n=5, r+s=5: see [10] or (3.3). n = 6, r+ s = 3: twenty-six fields appear in Section 3, Table 5 ; the other two are Q(~7) and Q(~9), with A = -16,807 and A = -19,683, see [20] . , = 6, r + s = 4: see Section 3, Table 6 . , = 6, r + s = 5 : see Section 3, Table 7 . t1=6, r+s=6: see (3.5) and (3.3). n=7, r+s=4: see Section 3, Table 8 . 77=8, r+s=4: twenty fields appear in Section 3, Table 9 ; the other four are Q(~15). Q(~20), Q ) and Q(~I~), having A=1,265,625, A=4,000,000, 1 = 5,308,416 and A = 16,777,216, respectively [20, 21, 27] . n=10, r+s=5: this is Q(~11), with A =-2,357,947,691, see [20] .
It has been proved that the only Euclidean fields with n<2 are the known ones [13, Ch. 14] , and that there exist only finitely many Euclidean fields with r + s < 2, up to isomorphism [3] .
